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a b s t r a c t
Here we present Hilbert–Pachpatte-type general Lp inequalities regarding semigroups,
cosine and sine operator functions. We apply inequalities to specific cases of them.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The results here are motivated by the original Hilbert double integral inequality.
Theorem 1 ([1, Theorem 316]). If p > 1, q = pp−1 and∫ ∞
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where f , g are non-negative measurable functions, unless
f ≡ 0 or g ≡ 0.
The constant πcosecπp is the best possible in (1).
Also, the results here are motivated by the following theorem.
Theorem 2 (Pachpatte [2, Theorem 1]). Let n ≥ 1 and 0 ≤ k ≤ n− 1 be integers. Let u ∈ Cn([0, x]) and v ∈ Cn([0, y]), where
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where




[(n− k− 1)!]2(2n− 2k− 1) .
We are also motivated by [3].
In this article, we present Hilbert–Pachpatte inequalities for semigroups, cosine operator functions and sine operator
functions. At the end of each results section, we give applications.
2. Semigroups background
All this background comes from [4] (in general, see also [5]).
Let X be a real or complex Banach space with elements f , g, . . . , having norm ‖f ‖, ‖g‖, . . . , and let ε(x) be the Banach
algebra of endomorphisms of X .
If T ∈ ε(X), ‖T‖ denotes the norm of T .
Definition 3. If T (t) is an operator function on the non-negative real axis 0 ≤ t <∞ to the Banach algebra ε(X) satisfying
the following conditions:
(i) T (t1 + t2) = T (t1)T (t2), (t1, t2 ≥ 0)
(ii) T (0) = I(I = identity operator), (3)
then {T (t); 0 ≤ t <∞} is called a one-parameter semigroup of operators in ε(X).
The semigroup {T (t); 0 ≤ t <∞} is said to be of class C0 if it satisfies the further property
(iii) s− lim
t→0+ T (t)f = f , (f ∈ X) (4)
referred to as the strong continuity of T (t) at the origin.
In this article, we shall assume that the family of bounded linear operators {T (t); 0 ≤ t < ∞} mapping X to itself is a
semigroup of class C0, so that all three conditions of the above definition are satisfied.
Proposition 4. (a) ‖T (t)‖ is bounded on every finite subinterval of [0,∞).
(b) For each f ∈ X, the vector-valued function T (t)f on [0,∞) is strongly continuous.
Definition 5. The infinitesimal generator A of the semigroup {T (t); 0 ≤ t <∞} is defined by
Af = s− lim
τ→0+ Aτ f , Aτ f =
1
τ
[T (τ )− I]f (5)
whenever the limit exists; the domain of A, in symbols D(A), is the set of elements f for which the limit exists.
Proposition 6. (a) D(A) is a linear manifold in X and A is a linear operator.
(b) If f ∈ D(A), then T (t)f ∈ D(A) for each t ≥ 0 and
d
dt
T (t)f = AT (t)f = T (t)Af (t ≥ 0); (6)
furthermore,
T (t)f − f =
∫ t
0
T (u)Af du (t > 0). (7)
(c) D(A) is dense in X, i.e. D(A) = X, and A is a closed operator.
Definition 7. For τ = 0, 1, 2, . . . , the operator Aτ is defined inductively by the relations A0 = I, A1 = A, and
D(Ar) = {f ; f ∈ D(Ar−1) and Ar−1f ∈ D(A)} (8)
Ar f = A(Ar−1f ) = s− lim
τ→0+ Aτ (A
r−1f ) (f ∈ D(Ar)).
For the operator Ar and its domain D(Ar), we have the following
Proposition 8. (a) D(Ar) is a linear subspace in X and Ar is a linear operator.
(b) If f ∈ D(Ar), so does T (t)f for each t ≥ 0 and
dr
dt r
T (t)f = ArT (t)f = T (t)Ar f . (9)
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Moreover,









(t − u)r−1T (u)Ar f du, (10)
the Taylor’s formula for semigroups.
(c) D(Ar) is dense in X for r = 1, 2, . . .; furthermore, ∩∞r=1 D(Ar) is dense in X. Ar is a closed operator.
The integral in (10) is a vector-valued Riemann integral; see [4,6].
3. Hilbert–Pachpatte inequalities for semigroups
We give our first main result as follows.
Theorem 9. Let ε > 0; p, q > 1 : 1p + 1q = 1. Let {Ti(ti); 0 ≤ ti <∞}, i = 1, 2, mapping X into itself, semigroups of class C0.
Here Ai, i = 1, 2, is the infinitesimal generator of Ti; we take fi ∈ D(Arii ), where r1, r2 ∈ N.
Denote















































(ti − ui)ri−1Ti(ui)Arii fidui, (13)













(ti − ui)ri−1‖Ti(ui)Arii fi‖dui, (14)




















































































(using Young’s inequality for a, b ≥ 0, a 1p b 1q ≤ ap + bq )
≤ 1













q(q(r2 − 1)+ 1)


















p(p(r1 − 1)+ 1) +
tq(r2−1)+12











































































































proving the claim. 
The case of p = q = r1 = r2 = 2 follows.
Corollary 10 (To Theorem 9). Let ε > 0; {Ti(ti); 0 ≤ ti < ∞}, i = 1, 2, mapping X into itself, semigroups of class C0. Here
Ai, i = 1, 2, is the infinitesimal generator of Ti; we take fi ∈ D(A2i ).
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Denote
∆∗2(ti)fi := Ti(ti)fi − fi − tiAifi, (23)


















We finish this section with the following application.






, −∞ < x <∞, t > 0 (25)
with initial condition
lim
t→0+W (x, t) = f (x), (26)
has, under general conditions, its solution given by






f (x+ u)e− u24t du, (27)
then the so-called Gauss–Weierstrass singular integral.
The infinitesimal generator of the semigroup {T (t); 0 ≤ t <∞} is A = ∂2
∂x2
[8, p. 578].
Here we suppose that f , f (2k), k = 1, . . . , r, all belong to the Banach space UCB(R), the space of bounded and uniformly
continuous functions from R into itself, with norm









(2k)(x), for all x ∈ R. (29)
From [9, p. 247–248], we have
‖W (·, t, f (2r))‖C ≤ ‖f (2r)‖C <∞, (30)
∀t ∈ R.

























where f1, f2 ∈ UCB(R).
Consider the case of p = q = r = 2.
We apply (23) of Corollary 10.
Denote
∆∗2(ti)fi := W (·, ti, fi)− fi − tif (2)i , (32)
i = 1, 2; ti ∈ [0, ai], ai > 0.







] ≤ a1a2 ∫ a1
0










where f1, f2 ∈ UCB(R) for r = 2.
4. Cosine and sine operator functions background (see [10,5,11,12])
Let (X, ‖·‖) be a real or complex Banach space. By definition, a cosine operator function is a family {C(t); t ∈ R} of
bounded linear operators from X into itself, satisfying
(i) C(0) = I, I the identity operator; (34)
(ii) C(t + s)+ C(t − s) = 2C(t)C(s), for all t, s ∈ R;
(the last product is composition)
(iii) C(·)f is continuous on R, for all f ∈ X . (35)
Notice that
C(t) = C(−t), for all t ∈ R.




C(s)f ds, for all t ∈ R, for all f ∈ X . (36)
The cosine operator function C(·) is such that ‖C(t)‖ ≤ Meω|t|, for some M ≥ 1, ω ≥ 0, for all t ∈ R, here ‖ · ‖ is the
norm of the operator.






with domain D(A). The operator A is closed and D(A) is dense in X , i.e., D(A) = X , and one has∫ t
0
S(s)f ds ∈ D(A) and A
∫ t
0
S(s)f ds = C(t)f − f , for all f ∈ X . (38)
Also, one has A = C ′′(0), and D(A) is the set of f ∈ X such that C(t)f is twice differentiable at t = 0; equivalently,
D(A) = {f ∈ X : C(·)f ∈ C2(R, X)}. (39)
If f ∈ D(A), then C(t)f ∈ D(A), and C ′′(t)f = C(t)Af = AC(t)f , for all t ∈ R; C ′(0)f = 0; see [13,14].
We define A0 = I, A2 = A ◦ A, . . . , An = A ◦ An−1, n ∈ N. Let f ∈ D(An), then C(t)f ∈ C2n(R, X), and C (2n)(t)f =
C(t)Anf = AnC(t)f , for all t ∈ R, and C (2k−1)(0)f = 0, 1 ≤ k ≤ n; see [11].
For f ∈ D(An), t ∈ R, we have the cosine operator function’s Taylor formula [11,12] saying that











By integrating (40), we obtain the sine operator function’s Taylor formula (see [9, p. 198])
Mn(t)f := S(t)f − ft − t
3









nf ds, for all t ∈ R, (41)
all f ∈ D(An).
The integrals in (40) and (41) are vector-valued Riemann integrals; see [4,6].
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We give the following theorem
Theorem 12. Let ε > 0; p, q > 1 : 1p + 1q = 1. Let {Ci(ti); ti ∈ R}, i = 1, 2, mapping X into itself, cosine operator functions.
Here Ai, i = 1, 2, is the infinitesimal generator of Ci; we take fi ∈ D(Anii ), where n1, n2 ∈ N.
Denote



































Proof. Similar to the proof of Theorem 9. 
The case of p = q = n1 = n2 = 2 follows.
Corollary 13 (To Theorem 12). Let ε > 0; {Ci(ti); ti ∈ R}, i = 1, 2, mapping X into itself, cosine operator functions. Here
Ai, i = 1, 2, is the infinitesimal generator of Ci; we take fi ∈ D(A2i ).
Denote

























The corresponding result for sine operator functions follows.
Theorem 14. Let ε > 0; p, q > 1 : 1p + 1q = 1. Let {Ci(ti); ti ∈ R}, i = 1, 2, mapping X into itself, cosine operator functions.
Here Ai, i = 1, 2, is the infinitesimal generator of Ci; we take fi ∈ D(Anii ), where n1, n2 ∈ N. Let also the associated sine operator
functions {Si(ti); ti ∈ R}, i = 1, 2.
Denote



































Proof. Similar to Theorem 9. 
The case of p = q = n1 = n2 = 2 follows.
Corollary 15 (To Theorem 14). Let ε > 0 and {Ci(ti); ti ∈ R}, i = 1, 2, mapping X into itself, cosine operator functions.
Here Ai, i = 1, 2, is the infinitesimal generator of Ci; we take fi ∈ D(A2i ). Let also the associated sine operator functions{Si(ti); ti ∈ R}, i = 1, 2.
G.A. Anastassiou / Applied Mathematics Letters 24 (2011) 2172–2180 2179
Denote

























Application 16 (See [5, p. 121]). Let X be the Banach space of odd, 2π-periodic real functions in the space of bounded uniformly
continuous functions from R into itself: BUC(R). Let A := d2
dx2
with D(An) = {f ∈ X : f (2k) ∈ X, k = 1, . . . , n}, n ∈ N. A
generates a cosine function C∗ given by
C∗(t)f (x) = 1
2
[f (x+ t)+ f (x− t)] , ∀x, t ∈ R. (50)
The corresponding sine function S∗ is given by









, ∀x, t ∈ R.
Here we consider f ∈ D(An), n ∈ N, as above. By (40), we obtain
T ∗n (t)f :=
1
2











(2n)(· + s)+ f (2n)(· − s)]ds, ∀t ∈ R. (51)






f (· + s)ds+
∫ t
0














f (2n)(· + s)+ f (2n)(· − s) ds, ∀t ∈ R. (52)
Let g ∈ BUC(R), we define ‖g‖ = ‖g‖∞ := supx∈R |g(x)| <∞.
Notice also that
‖ ‖C∗(s)Anf ‖∞ ‖∞ = ‖‖C∗(s)f (2n) ‖∞ ‖∞
= 1
2
‖ ‖(f (2n)(· + s)+ f (2n)(· − s)) ‖∞ ‖∞
≤ 1
2
‖ ‖f (2n)(· + s) ‖∞ ‖∞ + ‖‖f (2n)(· − s) ‖∞ ‖∞ ≤ ‖f (2n)‖∞ <∞. (53)
Let a1, a2 > 0.

























where f1, f2 ∈ BUC(R).
Next, we apply (45) of Corollary 13.
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Here























where f1, f2 ∈ BUC(R) for n = 2.

























where f1, f2 ∈ BUC(R).
We finish with the application of (49) of Corollary 15.
Notice here that
M∗2 (ti)fi = S(ti)fi − fiti −
t3i
6
f (2)i , (57)




















where f1, f2 ∈ BUC(R) for n = 2.
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